We review, unify and extend work pertaining to evaluating mode mixity of interfacial fracture utilizing the virtual crack closure technique (VCCT). From the VCCT, components of the strain energy release rate (SERR) are obtained using the forces and displacements near the crack tip corresponding to the opening and sliding contributions. Unfortunately, these components depend on the crack extension size, , used in the VCCT. It follows that a mode mixity based upon these components also will depend on the crack extension size. However, the components of the strain energy release rate can be used for determining the complex stress intensity factors (SIFs) and the associated mode mixity. In this study, we show that several-seemingly different-suggested methods presented in the literature used to obtain mode mixity based on the stress intensity factors are indeed identical. We also present an alternative, simpler quadratic equation to this end. Moreover, a -independent strain energy release based mode mixity can be defined by introducing a "normalizing length parameter." We show that when the reference length (used for the SIF-based mode mixity) and the normalizing length (used forindependent SERR-based mode mixity) are equal,
Introduction
Bimaterial interfaces are intrinsic in many engineering applications, ranging from microelectronics to adhesive joints, from fiber-reinforced composites to thermal barrier coatings. These layered structures undergo complex failure modes, many times relating in interfacial cracking (e.g., Wang and Suo 1990; Karlsson and Evans 2001) . Thus, to design reliable layered structures, it is paramount that the mechanics of the interface crack is understood. Fracture toughness of bimaterial interfaces has received attention through analytical (e.g., Rice 1988; Hutchinson and Suo 1992), experimental (e.g., Charalambides et al. 1989; Wang and Suo 1990; Yuuki et al. 1994; Ikeda et al. 1998 ) and numerical simulations (e.g., Sun and Jih 1987; Matos et al. 1989; Toya 1992; Beuth 1996; Bjerken and Persson 2001) .
Contrary to homogeneous, isotropic materialswhere cracks tend to propagate in pure mode I locally at the crack tip-mode mixity is a critical parameter for interfacial fractures. The mode mixity (sometimes called the phase angle of fracture) is the relative proportions of tractions ahead of the crack tip in sliding mode (mode II) and opening mode (mode I) in the facture. A crack constrained in an interface is subjected to mixed mode conditions-and propagates in mixed mode-when the preferred fracture path is in the interface. There is ample experimental evidence that interfacial fracture toughness depends strongly on the mode mixity (e.g., Evans et al. 1990; Wang and Suo 1990; O'Dowd et al. 1992; Yuuki et al. 1994) . Typically, the total fracture toughness increases as the mode II contribution increases.
Mode mixity can be determined using a stress intensity factor (SIF)-based approach or can be based on the components of the strain energy release rate (SERRs). Although analytical expressions for the total strain energy release rate and SIF-based mode mixity are available for some simple interfacial crack problems (Hutchinson and Suo 1992; Cherepanov 1979), they involve considerable mathematical complexity. For complicated geometries or loading conditions, the analytical expressions may not be available. Thus, numerical methods are many times preferred. The total strain energy release rate can be obtained through numerical computation of the J-integral (Rice 1968) using finite element based techniques (e.g. the virtual crack extension technique, Parks 1974). However, the J-integral provides no information about the mode mixity.
Stress-based mode mixity can be determined by two alternative numerical methods:
(i) The crack-face displacement method (Matos et al. 1989 ). The method is widely used and is easy to implement for most problems. It requires the displacement field for many nodes close to the crack tip, and may be difficult to implement if the crack faces are not straight. (ii) The M-Integral method (Yau et al. 1980) .
The method requires a known auxiliary solution and is very sensitive to the accuracy of the auxiliary solution because the error builds up in a quadratic manner.
A third method, the virtual crack closure technique (VCCT), has successfully been used to obtain both the total strain energy release rate and the mode mixity for cracks in homogeneous materials (Rybicki and Kanninen 1977; Dattaguru et al. 1994 , Xie et al. 2004 . For an interface crack, the VCCT has traditionally been used to obtain the total strain energy release rate. Obtaining mode mixity for an interface crack using the VCCT has proven to be more challenging (Sun and Jih 1987; Raju et al. 1988; Dattaguru et al. 1994 ). However, several approaches have been suggested to extract consistent mode mixity values using the VCCT (Toya 1992; Chow and Atluri 1995; Beuth 1996; Sun and Qian 1997; Bjerken and Persson 2001) .
The purpose of this paper is to present the VCCT as a reliable and efficient method to extract SIF-or SERR-based mode mixity to characterize an interface crack, within the context of linear-elastic fracture mechanics. To this end, we will in Chapters 3-4 re-derive the equations that are needed to extract mode mixity from the VCCT results of SERRs using asymptotic stress and displacement field near the crack tip. The derivation is intended to establish a clear link between various approaches (Toya 1992; Chow and Atluri 1995; Beuth 1996; Sun and Qian 1997) . Furthermore, a simple quadratic equation is derived that can be used to obtain the SIFbased mode mixity. This equation gives identical results to the previous approaches suggested by Toya (1992) , Chow and Atluri (1995) and Sun and Qian (1997) . In addition, an approach by Bjerken and Persson (2001) is examined and found attractive for providing acceptable values of mode mixity with significantly less computational efforts. Further, a modified definition of mode mixity, based on SERRs (Beuth 1996) , is shown as an alternative measure for characterizing an interface crack.
In Chapter 5, we will numerically illustrate the theory discussed in Chapters 2-4, with two benchmark problems: an interface crack in an infinite bimaterial plate subjected to uniform normal stress and a bi-layer four-point flexure specimen with an interface crack. We believe that reading the numerical examples parallel with the theory may help a reader who is unfamiliar with the concepts presented herein.
